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We calculate the single-particle spectral functions and quasi-particle dispersions for a Bose-Fermi
mixture when the boson-fermion attraction is sufficiently strong to suppress completely the con-
densation of bosons at zero temperature. Within a T-matrix diagrammatic approach, we vary the
boson-fermion attraction from the critical value where the boson condensate first disappears to the
strongly attractive (molecular) regime and study the effect of both mass- and density-imbalance on
the spectral weights and dispersions. An interesting spectrum of particle-hole excitations mixing two
different Fermi surfaces is found. These unconventional excitations could be produced and explored
experimentally with radio-frequency spectroscopy.
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I. INTRODUCTION
Recently, there has been an upsurge of interest on reso-
nantly interacting Bose-Fermi mixtures, with several the-
oretical [1–13] and experimental [14–22] works being de-
voted to this subject. Calculations with different theo-
retical approaches have shown that for sufficiently strong
attraction, and a density of bosons smaller than the den-
sity of fermions, the boson condensation is completely
suppressed even at zero temperature in favor of a phase
with dominant molecular correlations [1, 2, 6, 8, 11, 13].
Such a zero-temperature normal phase is of interest to
the present work. Some interesting features were found
indeed in this phase in Ref. [12], like, for example, the
presence of an empty in region in the bosonic momentum
distribution at low momenta (see Fig. 7 of Ref. [12]). This
peculiar behavior, which occurs below a certain boson
concentration, results from the interplay between molec-
ular binding and the constraints in momentum space im-
posed by the Fermi statistics on the unpaired fermions
and on the composite fermions (molecules).
Aim of the present paper is then to characterize better
such a normal phase with dominant molecular correla-
tions, by a thorough study of the spectral functions and
associated quasi-particle dispersions and widths at zero
temperature. We believe indeed that in the near future
the powerful technique of radio-frequency spectroscopy
[23, 24] which lately has been applied extensively to
probe strongly interacting ultracold Fermi gases, might
be applied to investigate successfully also Bose-Fermi
mixtures. This technique (especially when momentum-
resolved) gives access to the single-particle excitation
spectrum, and has led to significant advances in the com-
prehension of fundamental phenomena in strongly inter-
acting Fermi gases, such as pairing [25–27], pseudogap
[28–31], and polaron physics [32, 33].
The analysis of the spectral functions of the present
paper will be based on the analytic continuation to the
real frequency axis of a T-matrix diagrammatic approach
formulated in the imaginary frequency axis, that we have
used previously to characterize the phase diagram and
thermodynamic quantities of a resonant Bose-Fermi mix-
ture [8, 12]. We will find in this way quite a rich spec-
trum of single-particle excitations. In particular, we will
see that the removal/injection of a boson from/to the
system produces an interesting spectrum of particle-hole
excitations involving simultaneously two different Fermi
surfaces (namely, the unpaired-fermion and composite-
fermion Fermi surfaces). For both the fermionic and
bosonic spectral functions we will also find, in specific
region of momentum space, non-trivial single-particle ex-
citations with an infinite lifetime.
The paper is organized as follows. In section II we
present the theoretical formalism and the main equations
describing the physical quantities of interest in our pa-
per. The numerical results for the bosonic and fermionic
spectral functions and derived quantities are reported
in section III. Results will be presented for different in-
teraction strengths, density-imbalance, and mass ratios
between the two components. Section IV presents our
conclusions, while the appendix contains some analytic
calculations and expressions.
II. FORMALISM
We consider a mixture of single-component fermions
and bosons in the presence of a broad Fano-Feshbach
resonance tuning the boson-fermion scattering length a.
While a Fermi-Fermi s-wave scattering length is excluded
by Pauli principle, some degree of repulsion between the
bosons is known to be necessary for the mechanical sta-
bility of the system [9, 13]. We note however that the in-
stability problems are much less important in the normal
(molecular) phase of interest to the present paper [9, 13].
2In addition, the Bose-Bose repulsion will affect in a minor
way the spectral properties of such a phase in compari-
son to the strong-attractive interaction which leads to the
formation of molecules. We thus do not include explicitly
the boson-boson repulsion in our calculations.
We start then from the following (grand-canonical)
Hamiltonian:
H =
∑
s
∫
drψ†s(r)(−
∇2
2ms
− µs)ψs(r)
+ v0
∫
drψ†B(r)ψ
†
F(r)ψF(r)ψB(r), (1)
where s=B,F indicates the boson and fermion atomic
species, respectively (we set h¯ = kB = 1 throughout this
paper). The operator ψ†s(r) creates a particle of mass ms
and chemical potential µs at spatial position r.
Like for two-component Fermi gases (see, e.g., [34]),
the bare strength of the contact interaction v0 is ex-
pressed in terms of the boson-fermion scattering length
a as:
1
v0
=
mr
2πa
−
∫
dk
(2π)3
2mr
k2
, (2)
where mr = mBmF/(mB +mF) is the reduced mass of
the boson-fermion system.
A natural length scale for the many-body system is
provided by the average interparticle distance n−1/3
(where n = nB + nF is the total particle-number den-
sity, nB and nF being the individual boson and fermion
particle-number density, respectively). We thus intro-
duce a fictitious Fermi momentum of the system kF ≡
(3π2n)1/3 (as for an equivalent two-component Fermi
gas with a density equal to the total density of the
system), and use the dimensionless coupling parameter
g = (kFa)
−1 to describe the strength of the interaction.
In Refs. [8, 12], the thermodynamic properties of a
Bose-Fermi mixture in the normal phase (i.e. above the
condensation critical temperature) were studied within a
T-matrix approximation for the (finite-temperature) self-
energies. The corresponding equations for the bosonic
and fermionic self-energies ΣB and ΣF at finite tempera-
ture are:
ΣB(k, ων) = −T
∫
dP
(2π)3
∑
m
Γ(P,Ωm)
× G0F(P− k,Ωm − ων) (3)
ΣF(k, ωn) = T
∫
dP
(2π)3
Γ(P,Ωm)
×
∑
m
G0B(P− k,Ωm − ωn) (4)
where the many-body T-matrix Γ(P,Ωm) is given by
Γ(P,Ωm) = −
{
mr
2πa
+
∫
dp
(2π)3
×
[
1− f(ξFP−p) + b(ξBp )
ξFP−p + ξ
B
p − iΩm
− 2mr
p2
]}−1
. (5)
In the above expressions ων = 2πνT and ωn = (2n +
1)πT , Ωm = (2m + 1)πT are bosonic and fermionic
Matsubara frequencies, respectively, (ν, n,m being inte-
ger numbers), while f(x) and b(x) are the Fermi and
Bose distribution functions at temperature T , and ξsp =
p2/2ms − µs.
The self-energies (3) and (4) determine the dressed
Green’s functions Gs via the Dyson’s equation G
−1
s =
G0 −1s − Σs (with the bare Green’s functions given by
G0B,F(k, ων,n)
−1 = iων,n − ξB,Fk ). The dressed Green’s
functions Gs allow to calculate the boson and fermion
momentum distribution functions ns(k) through the
equations:
nB(k) = −T
∑
ν
GB(k, ων) e
iων0
+
(6)
nF(k) = T
∑
n
GF(k, ωn) e
iωn0
+
, (7)
which in turn determine the boson and fermion number
densities:
ns =
∫
dk
(2π)3
ns(k). (8)
The inversion of the equations (8) fully determines the
boson and fermion chemical potentials at given den-
sities and temperature, and therefore the thermody-
namic properties of the Bose-Fermi mixture in the normal
phase. In Refs. [8] and [12] we presented the results for
the chemical potentials, the phase diagram and the mo-
mentum distribution functions obtained from the above
equations (for Bose-Fermi mixtures with equal and differ-
ent masses, respectively). It was shown in particular that
the T-matrix approximation recovers a reliable descrip-
tion of both weak- and strong-coupling limits of the Bose-
Fermi attraction, and that it predicts the presence of a
quantum phase transition between the condensed and the
normal phase. Above a certain critical coupling strength
the previous set of equations for the normal phase re-
mains then valid down to zero temperature.
A. Analytic continuation to the real-frequency axis
The calculation of the single-particle spectral functions
was not considered in our previous works, which were for-
mulated in the imaginary frequency axis. This calcula-
tion requires in fact the analytic continuation of the pre-
vious equations to the real frequency axis. The bosonic
and fermionic spectral functions AB and AF are indeed
defined in terms of the imaginary part of the retarded
Green’s functions GRB and G
R
F , respectively:
As(k, ω) = − 1
π
ℑGRs (k, ω). (9)
In order to calculate the retarded Green’s functions
one starts from the spectral representation for the many-
3body T-matrix:
Γ(P,Ωm) = −
∫ ∞
−∞
dω′
π
ℑΓR(P, ω′)
iΩm − ω′ (10)
where the retarded T-matrix ΓR is obtained from Eq. (5)
with the replacement iΩm → ω′ + iη, where η is a
positive infinitesimal quantity.
By inserting the spectral representation (10) in the ex-
pressions (3) and (4) for the Matsubara self-energies, the
sum over the internal Matsubara frequency Ωm can be
done analytically. The replacement iων,n → ω + iη then
yields the retarded self-energies:
ΣRB(k, ω) =
∫
dP
(2π)3
∫ ∞
−∞
dω′
π
ℑΓR(P, ω′)
× f(ξ
F
P−k)− f(ω′)
ω − ω′ + ξFP−k + iη
(11)
ΣRF (k, ω) =
∫
dP
(2π)3
∫ ∞
−∞
dω′
π
ℑΓR(P, ω′)
× b(ξ
B
P−k) + f(ω
′)
ω − ω′ + ξBP−k + iη
. (12)
The bosonic and the fermionic retarded Green’s functions
are then given by
GRs (k, ω)
−1 = ω − ξsk − ΣRs (k, ω) + iη. (13)
By considering the zero-temperature limit of Eqs. (11)
and (12) one obtaines
ΣRB(k, ω) =
∫
dP
(2π)3
[∫ ∞
−∞
dω′
π
Θ(−ξFP−k)ℑΓR(P, ω′)
ω − ω′ + ξFP−k + iη
−
∫ 0
−∞
dω′
π
ℑΓR(P, ω′)
ω − ω′ + ξFP−k + iη
]
, (14)
ΣRF(k, ω) =
∫
dP
(2π)3
∫ 0
−∞
dω′
π
ℑΓR(P, ω′)
ω − ω′ + ξBP−k + iη
, (15)
where it has been assumed µB < 0, as it always occurs
in the normal phase. The angular part of the integrals
over the momentum P in the expressions (14) and (15)
can be calculated analytically. By taking then η → 0+,
after some further manipulations, one is left with a two-
dimensional integral to be calculated numerically (or just
a one-dimensional integral for the contributions originat-
ing from the poles of Γ(P, z) on the real axis). Details of
these manipulations are reported in the appendix. The
spectral functions are then determined by Eqs. (9) and
(13). Note that the infinitesimal imaginary term iη in the
denominator of the retarded Green’s function is relevant
only when ℑΣRs (k, ω) = 0 and ω − ξsk − ℜΣRs (k, ω) = 0,
corresponding to fully undamped single-particle excita-
tions, yielding delta-like contributions to the spectral
functions with weight
∣∣1− ∂∂ωℜΣRs (k, ω)∣∣−1.
Both boson and fermion spectral functions satisfy the
sum rule ∫ ∞
−∞
dωAB,F(k, ω) = 1; (16)
however, while AF(k, ω) is always positive,
sgn(ω)AB(k, ω) ≥ 0, (17)
as it can be seen from the Lehmann representation [35]
of the two spectral functions which, for T = 0, reads
As(k, ω) =
{∑
n |〈n|(csk)†|Ψ0〉|2δ(ω − ǫNs+1,Ns¯n ) ω > 0∑
n∓|〈n|csk|Ψ0〉|2δ(ω + ǫNs−1,Ns¯n ) ω < 0,
(18)
where the minus (plus) sign in the above expression refers
to the boson (fermion) case. In Eq. (18), the sum ex-
tends over all the eigenstates |n〉 of H which have a
non-vanishing overlap with the state obtained by adding
(subtracting) a particle of species s with momentum k
to (from) the ground-state |Ψ0〉 of the system with Ns
particles of the species s and Ns¯ of the other one. These
states belong then to the Hilbert space withNs±1 andNs¯
particles of the two species, and have excitation energies
ǫNs±1,Ns¯n relative to the ground states of the correspond-
ing system with Ns ± 1 and Ns¯ particles.
Note that the negative sign of the boson spectral func-
tion for negative frequency guarantees the positivity of
the boson momentum distribution function. One has in-
deed for the bosonic and fermionic momentum distribu-
tion functions nB,F(k):
nB(k) =
∫ ∞
−∞
dω b(ω)AB(k, ω) (19)
nF(k) =
∫ ∞
−∞
dω f(ω)AF(k, ω), (20)
which at zero-temperature reduce to
nB,F(k) = ∓
∫ 0
−∞
dω AB,F(k, ω), (21)
where the minus (plus) sign refers to bosons (fermions).
III. NUMERICAL RESULTS
We pass now to present the numerical results obtained
on the basis of the formalism developed in the previ-
ous section. Preliminary to the calculation of the spec-
tral functions is the determination of the boson and
fermion chemical potentials for given values of the cou-
pling strength g and boson and fermion densities nB and
nF. At zero temperature this can be done by using either
Eqs. (21) or the zero-temperature limit of Eqs. (6)-(8), as
we did in Ref. [12]. The two calculations are completely
independent, because they make use of expressions ob-
tained alternatively on the imaginary or real frequency
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FIG. 1: (Color online) Composite-fermion spectral function
ℑΓR(P, ω) [in units of (2mFkF)
−1] vs. frequency at zero tem-
perature for a mixture with equal masses and density imbal-
ance (nF−nB)/n = 0.75: (a) at gc = 1.713 for different values
of the momentum P (with µB,F(gc)/EF = −6.421, 1.414); (b)
at P = 0 for different couplings (with corresponding values of
the chemical potentials µB,F/EF=-8.615, 1.402; -13.2, 1.388;
-17.683, 1.377; -21.259, 1.369; -26.736, 1.367, from top to bot-
tom).
axis. We have resorted to the formulation on the imagi-
nary axis to determine the chemical potentials, while we
have used the comparison for the momentum distribution
functions calculated with the two different approaches as
a stringent check of the numerical calculations and of the
analytic continuation procedure.
A. Retarded composite fermion propagator
The many-body T-matrix Γ recover the propagators
of free molecules for sufficiently strong attraction (ex-
cept for an overall normalization factor: −2π/m2ra) [8].
The imaginary part of the retarded T-matrix ΓR(P, ω),
which determines the retarded self-energies, is then es-
sentially the spectral function of the composite-fermions
(which become tightly bound molecules for strong at-
traction). This quantity is made of a delta-like contri-
bution, corresponding to the undamped motion of the
composite-fermion, plus a continuum part, which occurs
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FIG. 2: (Color online) Dispersion ωCF(P ) of the pole of
ℑΓR(P, ω) at zero temperature for a mixture with equal
masses and density imbalance (nF − nB)/n = 0.75 for three
different coupling values (g = gc, g = 2, g = 2.9).
above a threshold frequency ωth(P ) such that the the de-
cay channel (molecule → boson + fermion) is open. At
finite temperature ωth(P ) = P
2/2M − µB − µF (where
M = mB + mF), as it can be readily derived from
Eq. (5). The above expression for ωth(P ) can be recast
as ωth(P ) = ξ
F
q + ξ
B
P−q, with q = mFP/M , which em-
phasizes the final state after the decay. [Here and in
the following when the argument of the dispersion is a
scalar, like for ξBP−q, it should be interpreted in this way:
ξBP−q = (P − q)2/2mB − µB.] It is then clear that at
zero temperature the complete Pauli blocking of fermions
with wave vectors q ≤ kµF ≡
√
2mFµF due to the Fermi
function appearing in Eq. (5) (the Bose function being
zero for negative µB) will shift the threshold frequency
to ωth(P ) = ξ
F
kµF
+ξBP−kµF
= ξBP−kµF
for P < MkµF/mF,
while leaving unchanged the previous expression of the
threshold for P ≥MkµF/mF.
At zero temperature the retarded T-matrix ΓR(P, ω)
can be expressed in a closed form (reported in the ap-
pendix). Here we show as an example in Fig. 1 the
composite-fermion spectral function ℑΓR(P, ω) as a func-
tion of frequency for a mixture with equal masses and
density imbalance (nF − nB)/n = 0.75 (at the critical
coupling gc for different P , and at P = 0 for several cou-
plings). One notices in Fig. 1(a) a rather weak depen-
dence of the continuum part on P , while on Fig. 1(b) the
main changes in the continuum are accounted for by the
coupling dependence of the chemical potential µB and of
the normalization factor −2π/m2ra.
The position of the delta-like contribution, which is
signaled by the vertical lines in Fig. 1, is fitted extremely
well by a quadratic dispersion in the whole range of neg-
ative frequencies corresponding to the occupied states
of the composite-fermions. As an example we report in
Fig. 2 the dispersions ωCF(P ) obtained numerically for
three different coupling values, together with the asso-
ciated fitting parameters assuming a quadratic disper-
5sion ωCF(P ) = P
2/2M∗ − µ∗CF (we did not report the
fitting curves because they coincide with the numeri-
cal data). The dispersion ωCF(P ) crosses zero at the
wave-vector kCF which defines the radius of the Fermi
sphere of the composite fermions. Assuming the validity
of the Luttinger’s theorem for the composite-fermions,
one would expect kCF = (6π
2nB)
1/3 when all bosons
pair with fermions to form molecules. We have verified
that the value kCF = (6π
2nB)
1/3 is reached only for suf-
ficiently large g, while the value of kCF at the critical
coupling corresponds, in the present case, to a density
nCF ≡ k3CF/(6π2) ≃ 0.85nB. Note further that at large
values of P the composite-fermion dispersion crosses over
to a “bare” dispersion with bare values M∗ = M and
µ∗CF = µB+µF+ ǫ0 (a dispersion that holds for all values
of P in the strong-attraction limit).
Finally we have found that, for all couplings of interest
to the present paper, the weight w(P ) of the delta-like
contribution of 1piℑΓR(P, ω) depends very weakly on P
and differs at most by a few percent from its strong-
attraction limiting value 2π/m2ra.
B. Spectral functions at the quantum critical point
We pass now to consider the single-particle spectral
functions for bosons and fermions, obtained by insert-
ing the composite-fermion spectral function ℑΓR(P, ω)
in Eqs. (15) and (15) and then calculating the associ-
ated integrals over momenta and frequencies. As a first
case we consider the same mixture of Fig. 1(a) with den-
sity imbalance (nF − nB)/n = 0.75 and equal masses.
This is an example of a mixture for which the bosonic
momentum distribution function was found [12] to dis-
play the empty region at low momenta mentioned in
the introduction. Figures 3 and 4 presents the corre-
sponding fermionic and bosonic spectral functions, re-
spectively. Let us discuss first the fermionic spectral
function AF(k, ω), which is shown in Fig. 3(a) for selected
values of the momentum as a function of frequency. One
distinguishes clearly both delta-like peaks (represented
by vertical lines) and broad peaks. The broad peaks
occur only at negative frequencies (recall that negative
frequencies correspond to the removal of a particle) and
are separated by a gap of the order of the molecular bind-
ing energy in vacuum ǫ0 = 1/(2mra
2) from the delta-like
peaks occurring at larger frequencies (in the present case
ǫ0 = 5.87EF). The broad peaks are associated then to
excited states obtained by breaking a molecule (by de-
struction of a fermion of momentum k). The width of the
broad peak increases with increasing momentum, simi-
larly to what is observed with momentum-resolved radio-
frequency spectroscopy in a strongly-interacting Fermi
gas for the negative-frequency excitation branch [30] (as-
sociated to pseudogap and pairing physics at low mo-
menta and to the “contact” at large momenta [36]).
The delta-like peaks occurring in Fig. 3(a) at frequen-
cies ω >∼ −2EF, absorb most of the spectral weight.
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FIG. 3: (a) (Color online) Fermionic spectral function vs. fre-
quency, for different values of the momentum k, for a mixture
with equal masses and density imbalance (nF−nB)/n = 0.75
at the corresponding critical coupling gc = 1.713. (b) Disper-
sions ω1,2(k) of the delta-like peaks and position of the broad
peak ωpeak of the fermionic spectral function for the same
parameters as in (a). The inset is a detailed view of ω2(k).
Their dispersion ω1(k) crosses zero at the wave-vector
kUF where the momentum distribution function nF(k)
shows a jump. This momentum kUF can be interpreted
then as the radius of the Fermi sphere of the unpaired
fermions. We have also verified that the dispersion ω1(k)
of Fig. 3(b) is approximated very well by a free disper-
sion k
2
2mF
− µUF, where µUF = k2UF/(2mF). For negative
frequencies (and thus k < kUF) this undamped single-
particle excitation corresponds to the propagation of a
hole in a filled Fermi sphere of unpaired fermions; for
positive frequencies it corresponds to the propagation of
an unpaired fermion added to the system with momen-
tum k > kUF. Note finally that in a very small region
of momenta close to zero (k < 0.06kF in Fig. 3(a)) a
delta-like peak occurs also in the region of the spectrum
associated with the breaking of a molecule. Its weight is
small compared to the weight of the delta-like peak oc-
curring at larger frequencies, but for k → 0 it accounts
essentially for all of the spectral weight associated with
the “molecular” part of the spectrum. The dispersions
of both delta-like peaks is reported in Fig. 3(b). One
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FIG. 4: (Color online) Bosonic spectral function vs. frequency
for different values of the momentum k, for a mixture with
equal masses and density imbalance (nF − nB)/n = 0.75 at
the corresponding critical coupling gc = 1.713. For clarity,
the spectral function is presented separately for positive (a)
and negative (b) frequencies. The inset is a magnification of
the spectral function at small positive frequencies (delta-like
peaks are not shown in this case).
can see that the secondary peak ω2 associated with the
molecular branch merges rapidly into the broad peak,
whose position ωpeak as a function of k is also reported
in Fig. 3(b). The curve ωpeak is an inverted parabola,
similarly to what occurs for the spectral function in the
molecular limit of the BCS-BEC crossover [28, 30].
The bosonic spectral function is reported in Fig. 4 for
the same parameters of Fig. 3. We observe that in this
case delta-like peaks are present only at positive frequen-
cies, very close to ω = 0, and for momenta k <∼ 0.5kF .
For every value of the momentum two further features
can be distinguished in Fig. 4 (a) at positive frequen-
cies: a broad feature at low frequencies and a narrow one
at larger frequencies. They correspond to two different
branches of excited states to which the ground state is
coupled after adding a boson of momentum k. We inter-
pret the lower branch as a continuum of “mixed” particle-
hole excitations, namely, the creation of a particle-like
excitation outside the composite-fermion Fermi sphere
plus the creation of a hole inside the Fermi sphere of the
unpaired fermions. Such excitations do not require to
break a molecule and thus starts at zero energy. The
second branch is instead a sharp quasi-particle excita-
tion corresponding to the propagation of an unpaired
boson. The added boson does not form a molecule and
its dispersion is thus separated from zero frequency by
a gap of the order of the binding energy. It is the anal-
ogous in the present context of the so-called “repulsive
branch” in a strongly-attractive Fermi gas, that recently
has been studied rather extensively in the context of itin-
erant ferromagnetism in ultracold Fermi gases (see, e.g.,
[37–39]). We will see below that the dispersion of this
quasi-particle peak follows essentially a free dispersion.
At negative frequencies (panel (b)) one notices first of
all the absence of any spectral weight at low momenta
(k/kF = 0.05 and 0.5 in the figure). This implies a van-
ishing bosonic momentum distribution at low momenta,
as it was mentioned in the introduction. The radius of
this empty region in the bosonic momentum distribu-
tion function is expected on physical grounds to be de-
termined by the difference kUF − kCF between the Fermi
momenta of the unpaired and composite fermions [12].
We will see below that within our approach the radius of
the empty region is actually given by kµF − kCF, the dif-
ference between kµF and kUF being however rather small.
For example, for the present case kµF − kCF = 0.595kF
to be compared with kUF − kCF = 0.56kF.
Past this region, a continuum of excitations appears.
We interpret it again as a continuum of “mixed” particle-
hole excitations, with the role of the two Fermi spheres
exchanged with respect to the branch at positive fre-
quencies. Indeed, after the removal of a boson from a
molecule, the resulting state contains one less molecule
and one more unpaired fermion. It couples then to a
continuum of “mixed” particle-hole excitations of the sys-
tem with NB − 1 bosons, where now the hole is in the
composite-fermion Fermi sphere, while the particle-like
excitation is outside the unpaired-fermion Fermi sphere.
C. From the quantum critical point to the
molecular limit
In Fig. 5 we compare the spectral functions for the
same mixture discussed above at the critical coupling and
in the strongly-attractive (molecular) regime. For this
comparison we use intensity plots, which are particularly
useful to see the main features of the spectral functions.
One notices first of all that the fermionic spectral func-
tions (left panels) have a simpler structure than the
bosonic ones (right panels) and that, for both spectral
functions, no qualitative changes occur when passing
from the critical coupling (top) to the molecular limit
(bottom). In particular, the main delta-like peak, as-
sociated with the unpaired fermions, does not change
appreciably with the coupling. The main effects of in-
teraction on the unpaired fermions are indeed due to the
residual interaction with the composite-fermions, which
scales to zero with a in the molecular limit, and which is
7FIG. 5: (Color online) Intensity plots for the fermionic
(left column) and bosonic (right column) spectral functions
AF(k, ω) and (sgnω)AB(k, ω) at zero temperature, for a mix-
ture with density imbalance (nF − nB)/n = 0.75 and equal
masses, at the critical coupling gc = 1.713 (top) and in the
strong-attractive regime at g = 2.9 (bottom). Delta-like con-
tributions are represented by dashed-dotted lines.
anyway small for the density-imbalance considered here,
at which the boson density, and consequently the molec-
ular density, are small. The molecular continuum in the
fermionic spectral function, on the other hand, is shifted
down when the coupling increases.
In this respect, it can be seen by inspection of Eq. (15)
for the fermionic self-energy at zero-temperature, that
the molecular continuum in the fermionic spectral func-
tion corresponds to the frequencies ω = ωCF(P )− ξBP−k,
whereP ranges within the Fermi sphere of the composite-
fermions (i.e., P ≤ kCF). It is easy to verify then, that
ω is limited from below by ω<(k) = −ξBk+kCF and from
above by
ω>(k) =
{
k2
2(M∗−mB)
− µ∗CF + µB kkCF < 1− mBM∗
−ξBk−kCF kkCF ≥ 1−
mB
M∗ .
(22)
One can see easily from the above expressions of the
threshold frequencies ω<(k) and ω>(k) that the width
of the molecular continuum increases linearly with k for
k > kCF(1 −mB/M∗), where it is given by 2kkCF/mB,
and that the top of the “molecular band” is reached for
k = kCF, where it equals µB (explaining in this way the
down-shift of the molecular continuum for increasing cou-
pling, since µB ≃ −ǫ0 [8] becomes more and more neg-
ative ). At k = 0 the width reduces to the quite small
value
k2CF
2mB
(1 −mB/M∗).
Finally, we notice that the secondary delta-like disper-
sion ω2(k) disappears in the molecular limit (bottom-left
panel of Fig. 5).
In the intensity plot for the bosonic spectral func-
tion, one sees at a glance the presence of up to three
different continuous frequency bands, depending on the
value of the wave-vector k. One recognizes in the up-
permost band the sharp quasi-particle dispersion, dis-
cussed above, corresponding to the propagation of an
unpaired boson added to the system. The sharp quasi-
particle peak can be fitted fairly well by a free dispersion
ω = ξBk . One can prove also by starting from the expres-
sion (14) for the bosonic self-energy, that the uppermost
band, which originates from the continuum part of the
composite-fermion spectral function ℑΓR(P, ω), is lim-
ited from below by −µB for k ≤ 2kµF and by ωth(k−kµF)
for k > 2kµF (before it merges with the intermediate
band). These expressions show analytically that the up-
permost band is separated by a gap ≤ −µB ≃ ǫ0 from
the ground state energy, as mentioned above.
The two remaining bands originate from the pole of
the composite-fermion propagator, which contributes the
following ℑΣB at zero temperature:
ℑΣB(k, ω) =
∫
dP
(2π)3
w(P )δ(ω − ωCF(P ) + ξFP−k)
× [Θ(ω)Θ(−ξFP−k)Θ(ωCF(P ))
−Θ(−ω)Θ(ξFP−k)Θ(−ωCF(P ))
]
, (23)
as it can be derived with some manipulations from Eq.
(14) for the delta-like contribution of ℑΓ.
The above expression is particularly enlightening; one
sees from it that the intermediate band in the inten-
sity plots of the bosonic spectral function, which is lo-
cated at positive frequencies, corresponds to a continuous
of “mixed” particle-hole processes, with a particle exci-
tation at momentum P outside the composite-fermion
Fermi sphere and a hole excitation at momentum P− k
inside the unpaired-fermion Fermi sphere. The lower-
most band, which occurs at negative frequencies, is again
a “mixed” particle-hole continuum where now the hole
is at momentum P inside the composite-fermion Fermi
sphere, while the particle excitation is at momentum
P−k outside the Fermi sphere of the unpaired fermions.
The two different kinds of mixed particle-hole excitations
are excited, respectively, by adding/subtracting a boson
to/from the system.
Eq. (23) shows also that at negative frequency, and
when kCF < kµF , ℑΣB = 0 for k < kµF − kCF, since
momentum conservation does not allow any particle-hole
process in this case. The spectral-weight function is
thus identically zero at negative frequencies for these mo-
menta, thus leading via Eq. (21) to a vanishing occupa-
tion of the corresponding momentum states. This ex-
plains then the empty region in the bosonic momentum
distribution function found in Ref. [12] and discussed in
the introduction. Note that both kCF and kµF depend es-
sentially just on the density imbalance, the dependence
on the coupling value being weak. The corresponding
absence of spectral weight at negative frequency and low
momenta is clearly visible in both (right) panels. Note
finally that we expect that a self-consistent calculation
using dressed Green’s functions in the self-energy would
8FIG. 6: (Color online) Intensity plots for the fermionic
(left column) and bosonic (right column) spectral functions
AF(k, ω) and (sgnω)AB(k, ω) at zero temperature, for mix-
tures with equal masses mB/mF = 1 and different values of
the density imbalance at the critical coupling gc. From top
to bottom: (nF − nB)/n = 0, 0.25, 0.5, with correspond-
ing values of gc = 1.62, 1.705, 1.728 (and chemical poten-
tials µB,F/EF = −5.186, 0.621;−6.010, 0.972;−6.357, 1.213,
respectively). Delta-like contributions are represented by
dashed-dotted lines.
make kUF to appear in the place of kµF in the above
expressions defining the empty region in the boson mo-
mentum distribution function. The difference between
the two values is however in general rather small, in par-
ticular at large density imbalance where the fermionic
self-energy is small.
From Eq. (23) one can also derive the threshold fre-
quencies ω>+(k) and ω
<
+(k) delimiting the intermediate
band from above and below, respectively, as well as the
corresponding frequencies ω>−(k) and ω
<
−(k) for the low-
ermost band. We report their expression in the appendix.
From those expressions one can see that at positive fre-
quencies and for kCF < kµF , there is a small pocket close
to zero frequency (specifically, for 0 < ω < ωCF(k−kµF))
where ℑΣB vanishes. Within this region one can observe
in Fig. 5 the appearance of a delta-like peak, with a rather
flat dispersion (as it was already noticed in Fig. 4).
D. Changing the density imbalance and mass ratio
We finally analyze the dependence of the spectral func-
tions at the critical coupling on the density imbalance
and on the mass ratio mB/mF. In Fig. 6 we present then
the intensity plots for three different density imbalances
for mB/mF = 1, while in Fig. 7 we consider two different
mass ratios at a fixed value (0.75) of the density imbal-
ance.
We see from Fig. 6 that varying the density imbalance
produces relatively minor effects on both spectral func-
tions. In particular, in the fermionic spectral function
the main visible effects are the shrinking of the width
of the molecular band and the downward shift of the
delta-like dispersion when the density imbalance is in-
creased. These effects are explained by the decrease
of the composite-fermion Fermi momentum kCF (which
controls the width of the molecular band) and the cor-
responding increase of the unpaired fermion Fermi mo-
mentum kUF (which controls the delta-like dispersion
ω1(k)) when the number of bosons decreases. One has
specifically kCF/kF = 0.97, 0.87, 0.75, 0.59 and kUF/kF =
0.46, 0.84, 1.02, 1.15 for density imbalance equal 0, 0.25,
0.5, and 0.75 (shown previously), respectively.
Note that the dispersion ω1(k) of the unpaired
fermions, which at large density imbalance is essentially
free, is somewhat renormalized by interaction for small
density imbalance. As an example, for nF = nB and
k <∼ kF one can fit quite accurately ω1(k) with the ex-
pression (k2 − k2UF)/2m∗F with m∗F = 1.1mF, while at
large wave-vectors, ω1(k) crosses over to a free dispersion,
since interaction effects are suppressed when a particle is
added with large kinetic energy [40].
Note further that, having defined nUF ≡ k3UF/6π2 and
nCF ≡ k3CF/6π2, the equation nUF + nCF = nF is ver-
ified with great accuracy (i.e. within less than 0.5%),
indicating the validity of the Luttinger’s theorem for the
total number of fermions (cf. the discussion in [1] on this
point, albeit within a three-component model for a reso-
nant Bose-Fermi mixture). The corresponding values of
nUF and nCF, on the other hand, would suggest that at
the critical coupling a fraction of fermions and bosons
do not contribute to the composite-fermion density, with
nCF/nB = 0.85 - 0.95, as it was noted already above for
the case (nF − nB)/n = 0.75. It is not clear, however, to
what extent this is jus a matter of definition of a quan-
tity, such as the composite-fermion density, which be-
comes unambiguously defined only in the extreme molec-
ular limit g ≫ 1.
In the bosonic intensity plots (right column of Fig. 6),
one notices for the density-balanced case the absence of
the region without spectral weight at negative frequen-
cies. This is consistent with our previous discussion of
the depleted region, since in this case one has kCF > kµF
(and kCF > kUF as well). One sees also that when the
density-imbalance increases, the widths of the interme-
diate and lower band increase and decrease, respectively.
Indeed, by examining the expressions for the threshold
frequencies reported in the appendix, it can be easily
seen that the two widths (for k ≥ kµF+kCF) are given by
9FIG. 7: (Color online) Intensity plots for the fermionic
(left column) and bosonic (right column) spectral functions
AF(k, ω) and (sgnω)AB(k, ω) at zero temperature at the crit-
ical coupling gc, for mixtures with fixed density imbalance
(nF−nB)/n = 0.75 and two different mass ratios: mB/mF =
0.2 (top), mB/mF = 5.0 (bottom), with corresponding val-
ues of gc = 4.1, 1.325 (and chemical potentials µB,F/EF =
−100.971, 1.455;−2.955, 1.395, respectively). Delta-like con-
tributions are represented by dashed-dotted lines. For the
case mB/mF = 0.2 we focus on the molecular band of the
fermionic spectrum (top left panel) and on the intermediate
and lower band of the bosonic spectrum (top right panel).
2kkµF/M
∗ and 2kkCF/mF, respectively. The dependence
of kµF and kCF on the density imbalance control then the
two widths. Another interesting feature is the behavior
of the delta-like poles. We see that for a density balanced
mixture, a delta-like dispersion appears at low momenta
just below the threshold of the upper band. This pole
then enters into the upper band for k ≃ 0.5 kF , where it
becomes a narrow quasi-particle peak. We thus see that
for a density-balanced mixture an unpaired boson with
low momentum is fully protected from decay. When the
density-imbalance increases, the delta-like dispersion is
instead progressively transferred from the upper band to
the intermediate band at small positive frequencies.
Figure 7 shows that changing the mass ratio mB/mF
produces quite a large change in both fermionic and
bosonic spectral functions. In particular, a comparison
with the case with equal masses reported in Fig. 5 shows
that the “molecular” branch of the fermionic spectrum
is pulled down considerably when the boson mass is re-
duced (top left panel), while it is slightly pushed up when
the boson mass in increased to mB = 5mF (bottom left
panel). Recalling that the energy scale for this branch
is set by the binding energy ǫ0, this behavior is then ex-
plained by the corresponding behavior of the critical cou-
pling gc (and thus of the binding energy ǫ0) as a function
of the mass ratio. It was shown indeed in Ref. [12] that gc
increases rapidly when mB gets smaller than mF, while
it first decreases and then slowly increases when mB gets
larger and larger compared tomF (with a minimum value
of gc occurring for mB/mF ≃ 5).
The width of the molecular band is also strongly
affected by the mass ratio. Indeed, we have seen previ-
ously that this width is given by 2kkCF/mB, and thus
when expressed in units of EF is inversely proportional
to the mass ratio mB/mF. Regarding the delta-like
dispersions, the main one, corresponding to the propa-
gation of an unpaired fermion, is essentially unchanged
when the boson mass is varied, since this dispersion
depends on the unpaired-fermion effective mass and
Fermi wave-vector, which depend essentially just on the
density imbalance. The secondary delta-like peak, which
for equal masses was confined to very small momenta,
extends its presence to larger momenta for mB = 5mF,
while it is completely absent for mB = 0.2mF.
In the bosonic intensity plots (right column of Fig. 7)
one notices first all that the intermediate band flattens
and reduces its width when the boson mass increases.
This is because this band of mixed particle-hole excita-
tions is controlled essentially by the dispersion ωCF(P )
of the composite-fermions, and in particular by the effec-
tive massM∗ ≃ mB+mF, which increases with mB, thus
making the dispersion flatter and the width 2kkµF/M
∗
smaller. The lower band, with holes in the composite-
fermion Fermi sphere and particles outside the unpaired-
fermion Fermi sphere is instead controlled essentially by
the fermion dispersion ξFk and thus does not change with
mB. Finally, the uppermost band, associated with the
propagation of an unpaired boson, is pushed to very large
energies for mB = 0.2mF (outside the range reported in
Fig. 7), and pulled down formB = 5mF, following the be-
havior of the binding energy at gc vs. mB/mF discussed
above. No significant effects are instead observed in the
delta-like dispersion at small momenta.
IV. CONCLUDING REMARKS
In this paper, we have presented a thorough study
of the boson and fermion single-particle spectral func-
tions in the zero-temperature normal phase of a strongly-
attractive Bose-Fermi mixture. This phase occurs in a
mixture with nB ≤ nF when the pairing correlations
induced by the boson-fermion attraction are sufficiently
strong to suppress completely the boson condensate even
at zero temperature. We have found that the spectrum
of single-particle excitations that can be extracted from
the two spectral functions AB,F(k, ω) is quite rich. The
fermionic spectral function contains two main branches
of excitations: (i) the propagation without damping of an
unpaired fermion (or, at negative frequencies, of a hole
in the unpaired fermion Fermi sphere); (ii) the “molecu-
lar” dissociation spectrum. Interestingly, such a dissoci-
ation occurs also when the fermion is removed from the
unpaired-fermion Fermi sphere (i.e., for k < kUF), pro-
vided that an excitation energy of the order of the binding
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energy is furnished to the system. This is because if a
hole is produced in the unpaired-fermion Fermi sphere,
the corresponding momentum state becomes available for
pairing. There are then exact eigenstates of the system
where the hole is filled partially with fermions paired
with bosons. The destruction of a fermion at momentum
k < kUF couples then also to the dissociation spectrum
of these excited states, where the momentum state k is
partially occupied by a fermion participating to pairing.
The bosonic spectral function displays an even richer
structure. Probably the most interesting feature that we
have found in this case, is the presence of a spectrum of
“mixed” particle-hole excitations, namely, particle-hole
excitations involving simultaneously two different Fermi
surfaces. These “mixed” particle-hole excitations can be
produced either by removing a boson or by adding it
to the system. In the first case, the excitation is of
the particle type for the unpaired fermions and of the
hole type for the composite fermions, while in the second
case the reverse occurs. These unconventional excitations
could be explored experimentally by momentum-resolved
radio-frequency spectroscopy. Specifically, the branch as-
sociated with the removal of a boson could be explored by
applying a radio-frequency signal tuned about the tran-
sition frequency between two different hyperfine levels of
the bosonic atoms. The exploration of the branch asso-
ciated to the creation of a boson should instead rely on
inverse radio-frequency spectroscopy. This would require
to have in the trap also a small population of bosons
in a different hyperfine level with respect to the main
hyperfine level involved in the Fano-Feshbach resonance
tuning the boson-fermion interaction. The application
of a radio-frequency signal would thus induce transitions
from the weakly populated level to the main one. Within
linear response, the ensuing spectra (when momentum-
resolved) would then be proportional to the part of the
spectral function associated with the creation of a parti-
cle (namely, the positive-frequency part of the spectrum).
The spectrum at positive frequency contains finally
two further features: a sharp quasi-particle excitation
associated with the propagation of an unpaired boson
added to the system, and an undamped (delta-like) exci-
tation which occurs only at small momenta and, depend-
ing on the density imbalance, can appear just below the
threshold of the mixed particle-hole or of the unpaired-
boson branches of the spectrum. We do not have a clear
interpretation for such an undamped excitation, which is
however a robust feature within our theoretical approach,
to the extent that it was found for all the different cases
considered through our paper.
It is natural, finally, to wonder about the validity of
our results beyond the specific choice for the boson and
fermion self-energies that we have made in our work.
We know already that the T-matrix choice for the self-
energies becomes asymptotically exact in the extreme
molecular limit (g ≫ 1), where it describes the cor-
rect limiting situation of a mixture of noninteracting
molecules and unpaired fermions [8, 12]. In the less ex-
treme limit, the T-matrix self-energies tend to overesti-
mate the effective repulsion between composite-fermions
and unpaired fermions (as evidenced by the larger value
of the molecule-fermion scattering length when compared
with the exact value obtained from three-body calcula-
tions [41, 42]). This will have an impact on the numerical
values of parameters like the effective masses of the com-
posite and unpaired fermions, or the value of the critical
coupling gc. It will however leave essentially unchanged
all the remaining main features, which depend just on the
binding energy, degree of density imbalance and mass ra-
tios.
Appendix A
1. Retarded self-energies
We report here the analytic calculations leading to the
final expressions for the bosonic and fermionic retarded
self-energies, that we used for the numerical calculation
of the spectral weight functions. Starting from Eq. (15)
and by doing an integration over the angles between P
and k one obtains for the fermionic self-energy
ΣRF(k, ω) = −
mB
k
∫ +∞
0
dPP
4π2
∫ 0
−∞
dω′
1
π
ℑΓR(P, ω′)
× ln
[
ω − ω′ + ξBP−k + iη
ω − ω′ + ξBP+k + iη
]
. (A1)
From this expression we see that only the delta-like
contribution of 1piℑΓR contributes to the fermionic self-
energy since the threshold frequency ωth(P ) of the con-
tinuous part is always positive. We recall in fact that
ωth(P ) =
{
ξBP−kµF
P ≤MkµF/mF
P2/2M − µB − µF P > MkµF/mF,
(A2)
and in the normal phase at T = 0, µB + µF ≃ −ǫ0.
We have then
ΣRF (k, ω) = −
mB
k
∫ kCF
0
dPP
4π2
w(P ) [ln |ρF|+ iπΘ(−ρF )]
(A3)
where ρF = (ω − ωCF(P ) + ξBP−k)/(ω − ωCF(P ) + ξBP+k),
and we have taken the limit η → 0+. The bosonic
self-energy is more complicated. We treat separately
the two contributions appearing in Eq. (14) and define
ΣRB(k, ω) = Σ
R
B(k, ω)
I +ΣRB(k, ω)
II with
ΣRB(k, ω)
I =
∫
dP
(2π)3
∫ ∞
−∞
dω′
π
Θ(−ξFP−k)ℑΓR(P, ω′)
ω − ω′ + ξFP−k + iη
(A4)
ΣRB(k, ω)
II = −
∫
dP
(2π)3
∫ 0
−∞
dω′
π
ℑΓR(P, ω′)
ω − ω′ + ξFP−k + iη
. (A5)
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The term ΣRB(k, ω)
II is completely analogous to the
fermionic self-energy and leads then to the expression
ΣRB(k, ω)
II =
mF
k
∫ kCF
0
dPP
4π2
w(P ) [ln |ρB|+ iπΘ(−ρB)]
(A6)
where ρB = (ω −ωCF(P ) + ξFP−k)/(ω − ωCF(P ) + ξFP+k).
For kµF < k we have:
ΣRB(k, ω)
I = −mF
k
∫ k+kµF
k−kµF
dPP
4π2
{
[ln |ρB|+ iπΘ(−ρB)]w(P ) +
∫ +∞
ωth(P )
dω′
π
ℑΓR(P, ω′) [ln |ρIB|+ iπΘ(−ρIB)]
}
, (A7)
where ρIB = (ω − ω′ + ξFP−k)/(ω − ω′), while for kµF > k we have:
ΣRB(k, ω)
I =
mF
k
∫ kµF−k
0
dPP
4π2
{
w(P ) [ln |ρB|+ iπΘ(−ρB)] +
∫ +∞
ωth(P )
dω′
π
ℑΓR(P, ω′) [ln |ρIIB | − iπΘ(−ρIIB)]
}
+
mF
k
∫ kµF+k
kµF−k
dPP
4π2
{
w(P )
[
ln |ρIB|+ iπΘ(−ρIB)
]
ω′=ωCF(P )
+
∫ +∞
ωth(P )
dω′
π
ℑΓR(P, ω′) [ln |ρIB|+ iπΘ(−ρIB)]
}
, (A8)
where ρIIB = (ω − ω′ + ξFP−k)/(ω − ω′ + ξFP+k).
2. Retarded T-matrix
The analytic expression for the retarded T-matrix ΓR
at zero-temperature is given by:
ΓR(P, ω) = −
[mr
2πa
+ i
mr
2π
kω − IF(P, ω)
]−1
, (A9)
where kω ≡
√
2mr
(
µB + µF + ω − P 22M
)
, while the term
IF is given by
IF(P, ω) =
mB
(
k2µF − k2P − k2ω
)
8π2P
ln
[
(kµF + kP )
2 − k2ω
(kµF − kP )2 − k2ω
]
−mrkω
4π2
{
ln
[
(kµF + kω)
2 − k2P
k2P − (kµF − kω)2
]
− iπ
}
+
mrkµF
2π2
(A10)
where kµF ≡
√
2mFµF, kP ≡ mFM P , and the principal
branches of the square-root and logarithm functions are
meant in the above equations.
3. Threshold frequencies
We report here the threshold frequencies delimiting the
different continuous bands of the fermionic and bosonic
spectral functions. For convenience we repeat here also
some threshold frequencies that where scattered through
the text. For the fermionic spectral function, there is
just one continuous band which is limited from below by
ω<(k) = −ξBk+kCF and from above by
ω>(k) =
{
k2
2(M∗−mB)
− µ∗CF + µB kkCF < 1−
mB
M∗
−ξBk−kCF kkCF ≥ 1−
mB
M∗ .
(A11)
For the bosonic spectral function we distinguish in gen-
eral three bands.
The uppermost band, which originates from the con-
tinuum part of the composite-fermion spectral function
ℑΓR(P, ω), is limited from below by −µB for k ≤ 2kµF
or by ωth(k − kµF) for k > 2kµF (before it merges with
the intermediate band).
For the intermediate band we distinguish two cases:
(a) If kµF ≤ kCF (a situation which occurs for small
density imbalance), the intermediate band is absent for
k < kCF − kµF . It is limited from below by
ω<+(k) =
{
0 kCF − kµF ≤ k ≤ kµF + kCF
ωCF(k − kµF) kµF + kCF < k .
(A12)
For the upper limiting frequency ω>+(k) we need to dis-
tinguish two further sub-cases. If kCF
mF
M∗ < kµF then
ω>+(k) =


−ξFk−kCF kCF − kµF ≤ k ≤ k1
k2/2
M∗−mF
− µ∗CF + µF k1 < k ≤ k2
ωCF(k + kµF) k2 < k ,
(A13)
where
k1 = kCF(1−mF/M∗) (A14)
k2 = kµF(M
∗/mF − 1), (A15)
while for kCF
mF
M∗ > kµF
ω>+(k) =
{
−ξFk−kCF kCF − kµF ≤ k ≤ k2
ωCF(k + kµF) k2 < k .
(A16)
For both sub-cases, the intermediate band will eventually
merge with the uppermost band at sufficiently large k.
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(b) For kµF > kCF (i.e., at at large density imbalance),
the intermediate band is present for all values of k (before
it merges with the uppermost band at large k) and is
limited from below by
ω<+(k) =


ωCF(k − kµF) k ≤ kµF − kCF
0 kµF − kCF < k ≤ kµF + kCF
ωCF(k − kµF) kµF + kCF < k ,
(A17)
while for the upper frequency we have
ω>+(k) =


−ξFk−kCF k ≤ k1
k2/2
M∗−mF
− µ∗CF + µF k1 < k ≤ k2
ωCF(k + kµF) k2 < k ,
(A18)
before it merges with the uppermost band.
Also for the lowermost band we need to distinguish the
same two cases.
(a) If kµF ≥ kCF, the lowermost band is present only
for k > kµF − kCF and is limited from below by ω<−(k) =
−ξFk+kCF and from above by
ω>−(k) =
{
0 kµF − kCF ≤ k ≤ kµF + kCF
−ξFk−kCF kµF + kCF < k .
(A19)
(b) If kµF < kCF, the lowermost band is present for all
values of k and is again limited from below by ω<−(k) =
−ξFk+kCF . For the limiting frequency from above, we need
to distinguish the same two sub-cases considered above
for the intermediate band. For kCF
mF
M∗ < kµF
ω>−(k) =


min
[
k2/2
M∗−mF
− µ∗CF + µF, 0
]
k ≤ kCF − kµF
0 kCF − kµF < k ≤ kµF + kCF
−ξFk−kCF k ≥ kµF + kCF
(A20)
while for kCF
mF
M∗ > kµF
ω>−(k) =


k2/2
M∗−mF
− µ∗CF + µF k ≤ k1
−ξFk−kCF k1 < k ≤ kCF − kµF
0 kCF − kµF < k ≤ kµF + kCF
−ξFk−kCF kµF + kCF < k.
(A21)
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